We study the one-loop effective action of the IKKT or IIB model on a 4-dimensional non-commutative brane background. The trace-U (1) sector is governed by non-commutativity, and leads -assuming no SUSY breaking -to a higher-derivative effective action. In contrast, the non-Abelian sector at low energies reduces to SU (N ) N = 4 Super-Yang-Mills on the brane, with a global SO(9, 1) symmetry broken spontaneously by the background. In the Coulomb branch, we recover the leading contribution to the Dirac-Born-Infeld (DBI) action, exhibiting a S 5 × AdS 5 bulk geometry around a stack of branes. SUSY may be broken by compact extra dimensions M 4 × K, leading to an induced gravitational action on M 4 due to the trace-U (1) sector. The one-loop effective action is UV finite on such backgrounds, and the UV/IR mixing is non-pathological.
Introduction
One of the most fascinating ideas in recent years is the proposal that matrix models of YangMills type, in particular certain supersymmetric models which have been put forward in string theory [1, 2] , may provide a description for the quantum structure of space-time and geometry. Even though these models are extremely simple, they contain all the required ingredients for a theory of fundamental interactions including gravity. In fact, they appear to reproduce at least the low-energy sector of string theory or supergravity in certain backgrounds. Here we take these models as a starting point independent of string theory, and focus on 4-dimensional brane solutions or backgrounds, considered as physical space(-time). Due to supersymmetry, these models should provide a well-defined quantum theory at least for 4-dimensional backgrounds. In fact, numerical evidence has been obtained recently [3] for the emergence of 3+1-dimensional space-time within the IKKT or IIB model. This provides renewed motivation to study the effective physics of 4-dimensional backgrounds. The aim of this paper is to provide a better understanding of the quantum effective action on such backgrounds in the matrix model.
Solutions of the IIB model corresponding to flat branes are well known, and are described by the Moyal-Weyl quantum plane R 2n θ . Brane configurations with general geometry in the IIB model have also been studied recently [4] , clarifying the geometry and the low-energy physics of fluctuations around such backgrounds. At the semi-classical level, the geometry of these noncommutative (NC) branes in the matrix model is clear: the fluctuations are governed by an effective metric which depends both on the Poisson structure and the embedding of the brane. However upon quantization, gravitational terms are induced on the brane. Thus quantum effects will play an important role for the dynamics of the brane geometry, i.e. for gravity. In fact, the relation with IIB supergravity in the bulk can only be seen at the quantum level, taking into account the one-loop effective action [1] . Similarly, the evidence for gravitons on branes obtained in [5, 6] relies on quantum effects. It is therefore very important to understand these quantum effects more explicitly.
In principle, it is easy to write down the one-loop effective action in a formal, backgroundindependent way [1, 7] . This by itself is very interesting, and it was used to establish a relation with branes in IIB supergravity. Furthermore, UV-finiteness on 4-dimensional backgrounds is obvious. We start with a detailed derivation of this one-loop action, emphasizing the global SO(9, 1) resp. SO(10) symmetry which is only broken spontaneously by the background. The main subject of the present paper is then a detailed study of the 1-loop action on more general backgrounds, both for non-Abelian gauge fields as well as for the trace-U (1) sector governing the geometry.
Some steps in that program were taken in [8] , where the action induced by integrating out fermions in a matrix model was computed, and cast into a geometrical form. However, maximal supersymmetry is essential to make the matrix model finite in 4 dimensions, without pathological UV/IR mixing and without any cutoff introduced by hand. On the other hand, SUSY must clearly be broken, otherwise no reasonably physics and no induced gravity will arise on the brane. We will show explicitly in Section 5 how SUSY can be broken dynamically within the IKKT model, on suitable backgrounds with compactified extra dimensions M 4 × K. A gravitational action is then induced on the brane below the SUSY breaking scale, as suggested in [9] . This shows how realistic physics may emerge from the IKKT model, in the presence of refined compactification scenarios such as those discussed in [10, 11] . Without breaking N = 4 SUSY, one only obtains a higher-derivative induced action for the trace-U (1) sector, which we study in Section 3.
Besides the geometrical trace-U (1) sector, the 1-loop contribution to the non-Abelian sector is also of great interest. Non-Abelian gauge fields arise on stacks of branes. For a single stack of N coinciding branes, one obtains SU (N ) Super Yang-Mills (SYM) theory coupled to gravity. In particular, one should expect the same quantum effects as in ordinary N = 4 SYM theory. This is studied in Section 4 in two cases: first we compute the one-loop effective action for an unbroken massless gauge boson in the Coulomb phase. Following essentially standard steps adapted to the matrix model case, we obtain e.g. the well-known
(φ 2 ) 2 one-loop term. In fact we can largely maintain the global SO(10) symmetry while working on a generic curved brane. This allows to obtain precisely the leading terms of the Dirac-Born-Infeld (DBI) action for a single brane at some distance of the stack of N − 1 branes (corresponding to the Coulomb branch), and to identify the effective near-horizon AdS 5 × S 5 geometry of such a background consistent with IIB supergravity. This illustrates how quantum effects may modify the effective bulk geometry in the matrix model, and provides additional evidence for the relation of the IIB matrix model with supergravity. In contrast to previous work on related issues such as [12] [13] [14] [15] , our results are exclusively based on matrix model computations, without presupposing any relation with supergravity. The mechanism is also reminiscent of holography based on N = 4 SYM [16] , but in fact non-commutativity allows a more direct understanding of the branes in the "holographic" bulk.
On the other hand, we emphasize that the effective gravity which is relevant for physics in a brane-world scenario emerges on the brane, and it is not a simple reduction of the bulk gravity. The effective metric on the brane involves the Poisson tensor in an essential way, which leads to novel mechanisms as shown in [17] . The present paper further clarifies the origin of the induced gravity terms on the brane, and takes some steps towards their explicit determination. Their precise form depends on the specific compactification, and more work is needed to identify the appropriate compactifications and to understand the physics of the gravity sector. This clarifies the relation of the emergent gravity viewpoint of the matrix model with string theory.
Finally, the 1-loop effective action in a background M 4 × K with fuzzy extra dimensions K is studied in Section 5 both from the higher-dimensional geometry point of view, as well as from the 4-dimensional point of view in terms of Kaluza-Klein modes originating from matrix-valued gauge fields. Special attention is paid to the origin of scales and symmetry breaking within the matrix model.
The IKKT or IIB model
We start with a general discussion of the IKKT (or type IIB) matrix model and its properties in the context of emergent gravity, and explain how to compute the effective one-loop action.
The IKKT or IIB model [1] is defined by the following action
where X a , a = 0, 1, 2, . . . , 9 are Hermitian matrices, Ψ is a matrix-valued Majorana-Weyl spinor of SO (9, 1) , and the γ a form the corresponding Clifford algebra. The model is obtained by dimensional reduction of the 10-dimensional SU (N ) Super-Yang-Mills theory to a point, and taking the N → ∞ limit. Indices are raised and lowered using the fixed background metric g ab = η ab ; later we will also discuss the Euclidean version where g ab = δ ab . This action is invariant under the following symmetries:
where the tilde indicates the corresponding spin group, as well as N = 2 matrix supersymmetry [1] . Here matrices are identified with operators on a separable Hilbert space H, and U (H) denotes the group of unitary operators resp. matrices on H.
The bosonic sector
We first focus on the bosonic part of the IKKT model, given by
We want to compute the effective action, and for this purpose we will employ the background field method (cf. e.g. [7, [18] [19] [20] ). Hence we split the matrices into background X a and a fluctuating part Y a ,
For a given background X a , there is a gauge symmetry
which we fix using the gauge-fixing function
We also need to add ghosts and antighosts c resp.c, and together with the gauge fixing the additional terms read 6) where b is a multiplier field fixing the gauge, and the BRST transformations associated to the gauge symmetry (2.5) are given by
Choosing α = 1 and eliminating b using its e.o.m. 8) we arrive at
In a one-loop computation of the effective action in X a , one keeps only the quadratic terms in the fluctuations Y and discards linear and higher order terms [18] . For the gauge invariant part of the action (2.3) this yields
Combining (2.10) with (2.9), one arrives at the following quadratic action
where we define
Note that when the background is not fixed, the combined action is invariant under the background gauge transformations
It follows that the one-loop effective action induced by the bosonic matrices 1 Γ 1−loop [X] given by
also enjoys this fundamental gauge invariance, provided the integrals over the fluctuations Y and c are regularized such that this symmetry is preserved. In analogy to the fermionic integral computed in [8] , this can be achieved using a Schwinger parametrization as follows:
where
Here L is a cutoff of dimension "length", which essentially sets a lower limit α > 1 L for the α integral. This amounts to a UV cutoff
of dimension (length) −1 in a background with NC scale Λ NC , where X a is considered to have dimension length. Note that the two traces in (2.16) are different. By construction, both contributions are gauge invariant and satisfy a scaling relation
We also expect invariance under SO(D) as in [8] . However, we will see that no such regularization is needed in the maximally supersymmetric IKKT model. Finally, it is straightforward to include also e.g. a mass term Tr m 2 X a X a or a cubic term Tr iC abc X a [X b , X c ] into the formalism. Then the quadratic action (2.11) becomes
for totally antisymmetric C abc .
The fermionic sector
Minkowski case. For Dirac fermions, the functional determinant can be simply evaluated as
However, the fermions in the IKKT model formulated in 9+1 dimensional Minkowski space-time are (matrix-valued) Majorana-Weyl (MW) spinors Ψ of SO(1, 9), in particular
where γ T a = Cγ a C −1 . This means that in a MW basis, the spinor entries are Hermitian (rather than general complex) matrices (cf. [21] [22] [23] ). In 9+1 dimensions, C = C −1T anticommutes with the chirality operator γ = iγ 0 . . . γ 9 , so that the symmetric matrix
is well-defined for Weyl spinors. Using Ψ = Ψ T C −1T , the fermionic action can be written as
where we assume that Ψ are 16-dimensional Weyl spinors, or equivalently [X] also in the Euclidean case (at least for finite-dimensional matrices), by replacing γ 0 → iγ 10 (see Ref. [22, 23] for further details on Wick rotations in the context of spinors). However, thenγ αβ a [X a , ] is in general not a Hermitian operator for chiral SO(10) spinors, and the effective action has both real and imaginary contributions. The real part of the action can be extracted from 26) which is real because / D 2 is a Hermitian operator. Therefore we can write
The imaginary part is the Wess-Zumino contribution. It is invariant under SO(10) (but not "locally"), and incorporates the anomaly contribution due to the integrated out fermions. For a more detailed discussion we refer to [1, [24] [25] [26] .
For the real part of the effective action, it is useful to introduce a representation using Schwinger parameters, based on the identity
where Σ (ψ)
ab denotes the chiral representation on Weyl spinors as given below. The fermionic induced action can also be regularized by introducing an UV cutoff term e − 1 αL 2 as in (2.16) . However this will not be necessary in the maximally supersymmetric case under consideration here. In the following we will simply replace Γ ψ E by Γ ψ,real E dropping Γ W Z , which would not modify our explicit computations below. The Wess-Zumino contribution is expected to be finite and SO(10) invariant in a "non-local" manner, and would deserve a detailed investigation extending [25] .
1-loop effective action for the IKKT model
Now consider the complete model including bosons and fermions. First, we introduce a common notation which works for all fields. Let 
Taking into account the results of the previous section, we will now switch to the Euclidean case, and drop the (imaginary) Wess-Zumino term in the effective action. The real part of the 1-loop contribution for the IKKT model can therefore be written as 32) which is manifestly SO(10) invariant 3 . As pointed out before, there may be an additional imaginary contribution to the action for some backgrounds, which can be interpreted as WessZumino term related to a global anomaly of the chiral SU (4) R-symmetry. An analogous formula applies for the D-dimensional reduced model. (2.29) in the D = 10 case, except for the maximally supersymmetric D = 10 case which is (believed to be) perturbatively finite 4 to all loops. One-loop finiteness will become obvious in the following.
The above formula (2.32) is valid for arbitrary backgrounds. It suggests the following expansion:
Note that the first terms with Σ, Σ 2 and Σ 3 cancel, as was observed in [1] . Moreover, the SO(10) resp. SO(9, 1) symmetry is still manifest. These statements are independent of any specific background, and reflect the maximal SUSY of the model. Therefore the traces behave as d 2n p 1 p 8 in the UV on 2n-dimensional backgrounds, which is convergent for 2n < 8. In particular, the model is one-loop finite 5 on 4-dimensional backgrounds. There will be oscillating contributions from phase factors due to the non-commutativity, however they are harmless here because the traces are absolutely convergent. Hence the model is free of pathological UV/IR mixing, at least up to one loop (however there might be standard IR issues, as discussed below). This expression is background independent, and applies both to the Abelian and to the nonAbelian case.
Consider the first non-vanishing term
Here a sum over so (10) indices A ≡ (a, b); a < b is understood, and Tr A denotes the trace over the space of (possibly su(N ) valued) functions on the background brane without spinor indices. It is interesting to note that in contrast to the non-supersymmetric case [8] , this term is proportional to (Θ ab ) 4 , and the commutator structure will lead to a complicated momentum dependence for the U (1) sector. The results of the non-SUSY case will re-surface in the case of supersymmetry breaking in Section 5. To proceed, we need tr(Σ A . . . Σ D ) for both vector and spinor representations, which is given in (A.14).
Non-commutative branes and effective geometry
One of the particularly interesting features of the IKKT model (2.1) is that it incorporates a quantum theory of gravity in an emergent way -for a detailed review see [4, 30, 31] and references therein. The key is to consider the matrices X a as "quantized embedding functions" X a ∼ x a : M ֒→ R 10 in the semiclassical limit, where x a are the Cartesian coordinate functions of R 10 . In particular, U (1)-valued deformations of the Moyal-Weyl quantum plane as in (2.39) can be interpreted geometrically in terms of deformed embedded branes [9] 36) in the semi-classical limit where X a ∼ x a and θ µν (X) ∼ θ µν (x). To introduce dimensions, we can use the fixed background metric g ab = δ ab resp. g ab = η ab of the matrix model to define an (unphysical) scale Λ 0 , such that Λ 0 = 1 for |g ab | = 1. In that sense, X a has dimension length, and θ µν encodes the (physical) non-commutativity scalē 37) which may depend on x.
The effective geometry becomes clear in the following example: The gauge invariant kinetic term of a test particle modeled by a scalar field φ has the form
Hence, the action in the semiclassical limit is that of a scalar field propagating in curved spacetime with metric G µν . This geometrical view of the matrix model is much more transparent than the interpretation in terms of NC U (1) gauge theory, while the latter is more suitable for perturbative computations.
Background expansion
To obtain explicit expressions for the one-loop effective action, we will consider a background of slowly varying gauge and scalar fields around R 4 θ ,
and treat A µ = −θ µν A ν (X) and φ i = φ i (X) as gauge fields resp. scalar fields on R 4 θ . Then
is the free Laplace operator on R 4 θ . The one-loop effective action (2.33) involves commutators with the generalized field strength defined by ] . Note that the 10 × 10 matrix
forms an irreducible representation of SO(9, 1) resp. SO (10) . Its non-trivial part F ab continues to make sense in the commutative case (upon absorbing θ µν andΛ 2 NC in Σ ab resp. φ i ), where it decomposes into field strength and covariant derivatives transforming under SO(3, 1) × SO(6). Hence gauge fields and scalar fields are related by SO(10) in the non-commutative case, which is very remarkable from the field-theoretical point of view. The effective action is expected to respect this SO(10) invariance, which is broken spontaneously by the background and hence non-linearly realized on the fields; for the fermionic induced action this was verified in [8] .
These formulas apply both in the Abelian and the non-Abelian case, however the physical content is very different. In the Abelian case, the commutators in Eqn. (2.34) 
Hence non-commutativity is essential here, but does not lead to pathological UV/IR mixing due to maximal SUSY. The leading term in a low-energy (momentum) expansion will arise
), corresponding to local as well as non-local terms at O(k 4 ). In particular, no potential term is induced.
In the Non-Abelian case,
for the su(N )-valued fields, leading to a non-vanishing potential at k → 0. On a flat R 4 θ background, the SU (N ) sector essentially reduces to N = 4 SYM gauge theory at low energies. Indeed, we have
Thus the 1-loop low energy effective action for the SU (N ) sector has precisely the same form as for the N = 4 SYM theory in the commutative case, consisting of terms of the structure
Turning on also non-trivial trace-U (1) components, this SU (N ) action is coupled to non-trivial background geometries, as expected from the emergent gravity point of view [4] . This will be discussed in Section 4.
Evaluation of the one-loop effective action: Abelian case
Consider first the Abelian case. Assuming a background given by a small perturbation of R 4 θ as above, we can expand
where =¯ + V . In contrast to the non-supersymmetric case [8] , the leading non-trivial contributions are obtained here by replacing →¯ , so that we can neglect the sub-leading terms in (3.1) here. We introduce Schwinger parameters for the propagators
NC α, and use a basis of plane waves such that commutators can be expressed in terms of sines, cf. [8] . Then the matrix element for the operator in Eqn. (2.34) can be written as follows:
and hence
Note on the IR problem. In the context of massless gauge fields one typically encounters an infrared (IR) problem. More specifically, if the external momenta k i are set to zero, then the integral over the internal loop momentum diverges at p = 0, or equivalently the integral over the Schwinger parameter α diverges at α → ∞. In the present case, this does not seem to happen. The reason is that the coupling is proportional to the sin(pθk) which vanishes at k = 0. The price to pay is a complicated non-local form of the effective action.
To analyze the IR behaviour in more detail, note that the trigonometric functions in (3.4) contribute a factor of order O(k, p) 8 . Upon carrying out the Gaussian integration over p, every sine-factor (which arises from a commutator in the vertex (3.3)) leads to an O(k 2 ) term. These then take care of the 1 k 2 terms from the propagators (which arise from the integration over the Schwinger parameters here). Therefore there will be no IR divergences. In fact, the above argument implies that the leading term in the effective action is O(k 4 ), multiplying four Θ ab factors. Since the Θ ab can be interpreted either in terms of (F, ∂φ i ) or in terms of a generalized vielbein [9] , this corresponds to a higher-derivative geometrical term whose physical significance is unclear.
We conclude that the 1-loop integral is both UV and IR finite in the Abelian case or in the trace-U (1) sector, with complicated non-local low-energy behaviour starting at O(k 4 (Θ ab ) 4 ). More specifically, we will obtain terms which are homogeneous functions of order 4 in the k i , as well as "quasi-homogeneous" terms with logarithmic behaviour.
Gaussian integration. To proceed with the explicit loop integral, we first need to integrate over p. Since none of the Θ A depend on p, the Gaussian integral over p can be carried out trivially using
Basically, p gets replaced by the saddle point. There is no UV divergence in the subsequent Schwinger integral at λ = 0 (see below), due to the 4 external Θ ab vertices. The terms e not change this conclusion provided we keep this closed form; an expansion in 1 λ would lead to fake UV divergences. After this Gaussian integration, all sine factors such as sin
become O(k 2 ), since p gets replaced by a linear combination of the k i . This takes care of the IR divergence from the propagators (which arise after integration over the Schwinger parameters), and there will be no IR divergence as discussed above. The same argument applies to all higher-order terms O(Θ n ) in the one-loop effective action. Carrying out this Gaussian integral explicitly leads to somewhat lengthy expressions. In-troducing the abbreviations
where the subscript of A 2 emphasizes that it is a quadratic polynomial in the k i , we find the following one-loop results after the Gauss integration over p (cf. Eqn. (3.4)):
As a consistency check, we note that A 2 ≥ 0 in the Euclidean case. To see this, letα i =ᾱ i /λ, so that
sinceα 1 +α 2 +α 3 ≤ 1 and using the convexity of the Euclidean norm square. This implies A 2 ≥ 0. In order to carry out at least one of the Schwinger parameter integrals after the Gauss integral, we employ the substitutions
We can now evaluate the λ integral, which gives the following higher-derivative and non-local effective action
Here A 2 (k), B 6 (k), K 4 (k) are polynomials in k i with degree indicated by the subscript. They are given by:
while A 2 was already defined in (3.7) which after the substitutions of Eqn. (3.10) becomes
The remaining trace over the Σ in (3.12) is computed Appendix A.1 resulting in (A.14). Finally, the full expression for B 6 (k) is given in 6 Appendix C.
Conformal rescaling. It is interesting to check the behaviour under conformal rescaling. This is not evident here because the background θ µν breaks the conformal invariance of the N = 4 model. Despite their appearance, the log-terms have the correct scaling behaviour provided the background is also rescaled appropriately, since
for any scale Λ (in particular Λ =Λ NC ), using the identity (3.13). Therefore these terms are manifestly invariant under conformal rescaling
, and also completely symmetric in the external momenta k i , i = 1, 2, 3, 4. In fact, this holds true for the complete one-loop effective action due to (A.14). Note also that these terms depend only on the embedding metric g, while A 2 depends on the effective metric G. The remaining terms in (3.12) contain explicit k i θ µν k j and therefore violate Lorentz invariance manifestly. (Lorentz invariance is restored if the θ are also transformed.) Using momentum conservation, all terms of the form k i θk i with i, j = 1, . . . , 4 can be expressed in terms of the following basis of anti-symmetric bilinears:
4 Non-Abelian sector
General discussion
So far we have studied the quantum effective action for the U (1) sector. Now consider the non-Abelian case, which arises for backgrounds corresponding to N copies of coinciding branes with fluctuations,
Here λ α is a basis of su(N ), andX a ∼x a : M 4 ֒→ R 10 describes an (almost-flat) non-commutative brane M 4 as before. Then the fluctuations A a (x) = A a α λ α ∈ A ⊗ su(N ) describe non-Abelian gauge fields 7 and scalar fields on M 4 .
If the non-Abelian fields A a have no vacuum expectation value (VEV), i.e. if there is no su(N ) symmetry breaking and N = 4 is preserved, then the non-Abelian loop modes would give the same contribution to the effective U (1) action as considered above, starting at O(k 4 Θ 4 ). However, we now want to consider backgrounds with non-vanishing F ab α . In that case, there are charged (non-Abelian) fields w.r.t. F which contribute to the loop integral. This will lead to a non-trivial effective action for the SU (N ) sector similar to the case of ordinary N = 4 SYM. Furthermore, the associated breaking of N = 4 SUSY also leads to an induced action for the U (1) sector at zero momentum, which governs the geometry of M 4 . Our aim is to extract both effects from the one-loop effective action (2.33), (2.34) .
To understand the difference to the Abelian sector more explicitly, note that a typical vertex term in the loop integral now looks like
Thus in the low-energy limit k i → 0, we recover precisely the same su(N )-valued contributions as in the commutative case, while NC effects are sub-leading. Since there are no UV divergences in the N = 4 model which might induce strong UV/IR mixing, we expect that the effective action for the non-Abelian components reduces to that of the commutative N = 4 SU (N ) gauge theory on a general background M 4 , even if that background breaks SUSY. Moreover, the limit θ → 0 should be smooth for the SU (N ) sector. We emphasize that this statement only applies to the N = 4 resp. the IKKT model. With this in mind, it makes sense to focus on the limit where F is essentially constant along M 4 . In particular, we can assume that the background satisfies 
To understand the significance of (4.3), note that both and [F, .] are operators on the wave functions A ⊗ su(N ) which can be simultaneously diagonalized. They moreover commute with Σ ab which acts on the appropriate (spinor, vector or trivial) so(10) representation V . Thus the 1-loop low-energy effective action can be written as
which is manifestly SO(10) invariant. Here, 'Tr' is the trace of operators on A ⊗ Mat(N, C), and
is the character of the SO(10) representation V , identifying the anti-symmetric matrix [F ab , .] with an (operator-valued) element of so (10) . This compact formula is useful in various contexts. To clarify its meaning, consider first the semi-classical limit. Then the matrix Laplace operator separates into the tangential covariant Laplacian M on M 4 and transversal operator as follows:
where A i ≡ Φ i are the su(N )-valued fluctuations of X a perpendicular to M 4 . Now recall the commutative 8 heat-kernel expansion for M , which for our conventions gives [33, 34] Tr(e
As explained in [8] , this formula also applies for the trace Tr A over the quantized space of functions A in the non-commutative case (recall that |G| = |g| in 4 dimensions), provided there is a lower bound 9 for α ≥ α min > 0 corresponding to an effective UV cutoff 8) such that the momentum scale k of the external field f under the trace (4.7) satisfies
. This is justified here because the integral over α is absolutely convergent at α = 0 due to maximal supersymmetry, which leads to a factor α 4 in (4.5) that regularizes the α integral at α = 0. Then (4.7) holds, because the spectral geometry of M 4 defined by M agrees with the classical one corresponding to the effective metric G on M 4 , for the relevant low scales. Dropping the O(F, R) terms from now on, the low-energy 1-loop effective action can be written as follows
Although this one-loop action contains no UV divergence, there might be standard IR divergences associated with α → ∞ in the presence of massless gauge fields. To avoid these, we will consider the case of spontaneous symmetry breaking where most non-Abelian fields become massive, except possibly some massless U (1) sector. Then the term e −α ⊥ becomes a mass term for all but the unbroken U (1) modes, taking care of the IR divergence.
Spontaneous symmetry breaking and massless sector
Consider a background as above
whereX a defines an (almost-flat) brane M 4 , and A a take values in su(N ) thus breaking the su(N ) symmetry. We denote with K the unbroken low-energy gauge group resp. Lie algebra defined by the transversal scalar fields Φ i . K can be characterized as the kernel of the effective mass operator 12) which decomposes su(N ) into eigenspaces with eigenvalues m 2 j ,
The gauge fields in some non-trivial V m 2 j then acquire a mass due to the Higgs effect, and disappear from the low-energy effective action. For example, K = u(1) N −1 arises if the background fields Φ i are proportional to some λ ∈ su(N ) with distinct eigenvalues; this case is related to previous work [26, [35] [36] [37] [38] in the commutative N = 4 model. We wish to determine the low-energy effective action for the massless sector K, along the lines of [7] . However, some of the following considerations are more general. In particular, we will exhibit the full SO(10) symmetry, and admit branes with non-trivial geometry. Assuming F ∈ K it follows that [ , [F, .]] = 0, so that the low-energy effective action starts at O(F 4 ) and can be written as This case is also of interest because it should be related to the non-Abelian DBI action. We will take care of this problem in Section 5, by considering a geometrical background (in the Higgs branch). But first we discuss the Coulomb branch, where F is central in K.
Coulomb branch
Consider the case of a su(N ) gauge theory broken down to K = su(N − 1) × u(1) through scalar fields Φ i ∼ λ, where λ ∼ diag(1 − N, 1, . . . , 1) is the generator of the unbroken u(1). This can be interpreted as a single "probe" brane parallel to a stack of N − 1 coinciding branes. To evaluate the 1-loop effective action for such a background, note that
has only a single non-vanishing eigenvalue ∼ (φ i φ i ) with multiplicity 2(N − 1). Hence these 2(N − 1) modes acquire a mass m 2 ∼ (φ i φ i ) in the loop. Assuming that
these massive modes are the only modes which contribute in (4.14) since [F, K] = 0. We can then evaluate the tr su(N ) and obtain
writing F ab for its λ component. For D µ φ i = 0, we recover the well-known
φ 4 term in the low-energy effective action of N = 4 SYM for the Coulomb branch [26] . This term is known to be exact to all orders in perturbation theory, as well as non-perturbatively [39] . It vanishes for (anti-)selfdual (ASD) field strength, noting that
where ⋆ G denotes the 4-dimensional Hodge star with respect to the effective metric G µν . Hence for 4-dimensional NC branes, the induced action for the U (1) brane is negative (corresponding to an attractive potential), and vanishes identically for (A)SD F µν . It is interesting to recall that ASD fluxes also play a preferred role for the trace-U (1) sector [31] . While the above computation closely follows previous work [7] , our SO(10) invariant setup also immediately provides the contributions from the scalar fields using 20) where the indices are raised and lowered with G µν . Note that φ i has dimension length here. This gives
whose structure is largely determined by the SO(10) invariance. Now recall that the bare matrix model action (2.3) for non-Abelian fields in the background (4.17) is given by [4, 40] 
where η(x) = Λ −4
NC (x)G µν (x)g µν (x). It is remarkable 11 that up to this order, after dropping the trace-U (1) terms, the effective action S Y M [X] + Γ IR [X] is consistent 12 with the expansion of the Dirac-Born-Infeld (DBI) action for a D3-brane in the background of N − 1 coinciding D3 branes [41] 
NC and T 3 = Λ 4 NC . In string theory, these constants are given by Q = (N −1)gsα ′2 π and T 3 = 1 2πgsα ′2 [41] . This is consistent with our results, and allows to identify the scale of non-commutativity with the string theory parameters as
Indeed, one can expand (4.23) using
(where indices are raised and lowered with G µν ), which together with (4.19) reproduces our results for
To understand the geometrical meaning of (4.23), recall that the single D3 brane is modeled by the unbroken U (1) component, whose displacement in the transversal R 6 is given by φ i . Thus for Q |φ 2 | 2 ≫ 1 (i.e. for small transversal distance |φ| resp. large N ) and G µν = η µν , the action (4.23) reduces to the DBI action on a geometry with effective metric
consistent with IIB supergravity [16, 42] . As is well-known, this reduces to AdS 5 × S 5 in the near-horizon limit. Our result is in fact more general, since the effective 4-dimensional brane metric G µν is quite generic and not necessarily flat. Therefore the quantum corrections to the matrix model can be interpreted in terms of a modified bulk geometry of the embedding space R 10 . This illustrates the relation of the matrix model with string theory and the gauge-gravity relation. The present derivation also applies to the case of generic NC branes with non-trivial embedding geometry. For a detailed discussion from the point of view of supergravity in the presence of a B-field see [12] [13] [14] . At this point, we recall the general result of emergent gravity [4] that the effective geometry of a (stack of coinciding) branes is given by G ∼ θθg, where g µν is the pull-back metric on M 4 ֒→ R 10 . However in the above computation, we found that quantum effects may modify the effective bulk metric to become AdS 5 × S 5 . These seemingly inconsistent results may be reconciled as follows: The effective action (4.23) encodes a genuine bulk metric as seen by a test probe (i.e. the single D3-brane) at some distance |φ 2 | from the N − 1 coinciding branes. This effective bulk metric indeed appears to be described by IIB supergravity, in accordance with string theory. In the "emergent gravity" point of view, it is only the effective metric on the brane (or the stack of branes) which is of interest, as appropriate in a brane-world picture. To see that we would have to send the VEV φ i → 0, but then the above computation no longer applies as the massive modes become important. To understand what may happen on several coinciding branes, we will discuss in the next section the 1-loop effective action in the presence of a "geometrical" vacuum with [φ i , φ j ] = 0 or F µi = 0, such as an extra-dimensional fuzzy space. The effective geometry at tree level is then that of M 4 × K ⊂ R 10 , with induced gravity action for the effective metric G µν on M 4 . As an additional bonus, low-energy supersymmetry will be generically broken by the compactification.
In any case, the above computation demonstrates that quantum effects may modify the effective bulk geometry in the matrix model. The mechanism is reminiscent of holography based on N = 4 SYM [16] , but in fact non-commutativity allows a more direct understanding of the branes in the "holographic" bulk. This result underscores the background-independence of the matrix model: There is no need to consider different models to describe different background geometries. The IKKT model is powerful enough to describe non-trivial background geometries not just on the branes, but even for the bulk. This should clarify the relation of the emergent gravity viewpoint of the matrix model with string theory.
One-loop action and characters. For simple backgrounds, the exact one-loop action can be cast into a very simple form, taking advantage of the formulation in terms of characters. For example, consider the case of a flat brane R 2n θ with constant θ ab and F ab . Then the 1-loop effective action can be written as (4.4)
While the kinetic contributions from e −α in general depend on the geometry, the character can be evaluated explicitly in simple cases, as explained in Appendix A.2. If F has rank 4, the character is manifestly positive using (A.22),
This formula applies in the Abelian case, but is easily generalized e.g. to the Coulomb phase where F ab ∼ f ab λ for some λ ∈ su(n). For example, this describes the effective attractive interaction between parallel D3 branes, which has been shown to be consistent with IIB supergravity [1] . In particular χ is positive definite, and vanishes precisely for (anti-)selfdual fluxes f 1 = ±f 2 i.e. in the supersymmetric case, cf. [10] . Again the leading term agrees with the DBI action, but there are differences at higher order. The formulation in terms of characters is also useful in the case of higher rank fluxes. For fluxes with higher rank, χ(−αF) can have either sign depending on the specific flux configuration. If two eigenvalues of F dominate, then χ > 0, corresponding to a negative potential energy. This should provide a powerful tool to select the physically relevant vacua with lowest energy, e.g. in the context of brane-world scenarios with intersecting branes in matrix models [10] .
Product spaces and SUSY breaking
In the previous section, we considered non-Abelian backgrounds which -apart from the trace-U (1) sector -admit a massless unbroken U (1) gauge field. We now consider more elaborate backgrounds which break the SU (N ) gauge symmetry completely, and which can be viewed either as product space M 4 × K, or in terms of a SU (N ) gauge theory on M 4 in the Higgs phase. Here M 4 is interpreted as (almost-flat, non-compact) space-time, and K as compact extra-dimensional space described by the finite matrix algebra 13 A K ∼ = Mat(N, C). We want to understand the 1-loop effective action for such a background, in particular for the trace-U (1) sector. The point is that the background will typically break supersymmetry, and we expect induced gravity terms.
Thus consider again a background of the form (4.1)
whereX a describes a quantized 4-dimensional manifold M 4 as in Section 4.1. However, instead of the Coulomb branch we now assume that the non-Abelian fields A a = A a α λ α resp. F ab on M 4 describe a quantized compact 2n-dimensional symplectic (short: fuzzy) space K. In other words, we decompose the full matrix algebra as
where A M 4 is interpreted as algebra of functions on M 4 , and Mat(N, C) is interpreted as algebra of functions on K. Then the background can be interpreted as higher-dimensional space
It is well-known that such K may indeed arise from non-Abelian fields on M 4 via the Higgs effect, e.g. the fuzzy sphere S 2 N [44] [45] [46] [47] . The curvature of M 4 is assumed to be small compared with the scale of K, and the embedding of K is allowed to vary slowly along M 4 . Semi-classically, this means that locally (after a suitable SO(10) rotation) M 4 = R 4 0123 and K ⊂ R 6 456789 . This will be indicated by writingΘ ab ≡ Θ µν and F ab ≡ F ij . Then the corresponding Matrix Laplacians 
where Σ ij and Σ µν are generators of SO (4) resp. SO (6) . The representations of SO(10) decompose accordingly as 14
This gives
while for fermions we have
cf. (A.18) . The wave-functions can be decomposed accordingly as
and similarly for V (16,±) . Now let us introduce
where V denotes some representation of SO (3, 1) . This is the contribution at scale α to the effective action Γ M 4 ,V (α) = dα α Γ M 4 ,V (α) of the reduced 4-dimensional spinor/vector/scalar NCFT on M 4 . Similarly, let
where V denotes some representation of SO (6), which is the contribution at scale α to the effective action Γ K,V (α) = 
This decomposition is exact for R 4 θ × K. Notice that e.g. in the first line, the 10 components of the matrix fluctuations are separated into the 4 tangential components which contribute to Γ M 4 ,(4) Γ K,(1) , and 6 transversal components which contribute to Γ M 4 ,(1) Γ K, (6) . Here Γ M 4 ,(4) Γ K,(1) describes a NC gauge theory on M times a scalar NCFT on K, and Γ M,(1) Γ K, (6) describes a NC scalar theory on M times a gauge theory on K ⊂ R 6 . Similarly, Γ M 4 ,(2,±) Γ K,(4,±) is built from spinor models on M 4 resp. K ⊂ R 6 . Note that the original U (N )-valued fields on M 4 are now interpreted as U (1)-valued fields on M 4 × K.
This decomposition is physically quite appealing and useful, although the global SO(10) is no longer manifest. It will provide a better understanding of the effective 4-dimensional theory at low energy, and allows to see the breaking of N = 4 supersymmetry explicitly.
Scaling behaviour
Recall that Γ(ᾱ) can be viewed as scale Λ −2 ∼ᾱ contribution to the one-loop effective action ∞ 0 dᾱ α Γ(ᾱ). Assuming a product background as above (5.3) with a compact fuzzy space K, there are 2 natural scales given by the lowest resp. highest Kaluza-Klein (KK) mode on K. It is then natural (in the spirit of Wilsonian or multi-scale analysis [48] ) to separate theᾱ integration into 3 regimes,
(5.12)
We choose Λ 1 = N Λ K to be the UV cutoff scale for K, and Λ 2 = 1 R ∼ 1 N Λ K to be the IR cutoff for the compact space K with radius R. Then the first integral ("UV regime") covers the extreme UV scale above the highest KK state, where the modes corresponding to K behave as unbroken SU (N ) gauge fields on M and N = 4 SUSY applies. The second integral ("intermediate regime") covers the scale where K behaves as a manifold with NC scale Λ K , describing a 4 + 2n-dimensional NC field theory with UV and IR cutoff. The last integral ("IR regime") then corresponds to a generically non-SUSY low-energy effective theory on M 4 , where all non-trivial KK modes are massive and thus suppressed.
Next, we will describe more explicitly theᾱ dependence of the compact contributions in these scaling regimes. This will allow us to write down effective 4D actions, which contain effective gravitational terms as in [8] .
IR regime. In this regime, whereᾱ −1 ≤ Λ 2 2 , it is sufficient to take into account only the lowest (trivial) Kaluza-Klein mode on K. The translational invariance X i → X i + c i 1 of the matrix model (which is spontaneously broken by the background geometry but nevertheless a symmetry of 6 + F ij Σ ij ) implies that there are zero modes on K. They correspond to constant wave functions ∼ 1 N on K and belong to the trace-U (1) sector; we will see this explicitly in the example of K = S 2 N below. Therefore
where m 0 is the lowest non-trivial eigenvalue of 6 + F ij Σ ij , i.e. the mass of the lowest nontrivial Kaluza-Klein mode, which is of order
where R is measured by the effective metric G on K. Note that there are only finitely many Kaluza-Klein modes on a fuzzy space K, therefore this truncation is justified. The Kaluza-Klein masses m 0 and their multiplicities are in general different for the bosonic and fermionic contributions, as we will see in an example below. Then SUSY is manifestly broken. Assuming that the contributions from the two chiral sectors Γ K,(4,±) (ᾱ) coincide, the 1-loop effective action (5.11) in the IR regime takes the form 15 Tr(e
Note that the massless contribution combines into the trace-U (1) N = 4 multiplet (2.33) (which only contributes higher-derivative terms as discussed before which are not of interest here), but the sub-leading massive contributions are in general no longer supersymmetric. Nevertheless, it is useful to write the sub-leading contribution in terms of an N = 4 contribution plus some (fermionic and/or scalar) correction. Thus we write the scale α contribution to the effective action in the IR regime as follows On the other hand, the contributions due to the massive KK modes ∼ e −ᾱm 2 0 are exponentially suppressed as long as Λ 2 ≪ m 2 0 , as shown explicitly in Appendix B. The reason is that these modes are above the UV threshold. In special cases, there may be some massless modes as in the example below, but typically SUSY is broken. A gravitational action is then induced in the intermediate regime, as discussed below.
UV regime. In the extreme UV regime, whereᾱΛ 2 U V ≪ 1, we can replace
because α 6 ≈ 0 for all KK modes on K. Here N 2 = dim(A K ) is finite. In particular, this is independent of α. We thus recover a non-Abelian 4D model with the field content of the full N = 4 SUSY field content and no symmetry breaking, i.e. the original SO(10)-invariant N = 4 model. It is UV finite and induces only higher-derivative terms in the trace-U (1) sector which are not of interest here. We can therefore simply omit this UV regime.
Intermediate regime. For smallerᾱ corresponding to the second regime, the internal structure of K is resolved, and the effective action behaves as that of a geometric manifold with 4+2n dimensions. There are two possible points of view: We will first focus on the 4-dimensional point of view keeping track of the KK modes, and then briefly discuss the higher-dimensional geometrical point of view. Our main interest is the induced trace-U (1) effective action due to the finite tower of KK modes in the loop, which become relevant in the intermediate regime. Thus consider all terms in (5.16) involving the higher KK masses m i . Neglecting first the m i for simplicity, the low-energy action induced e.g. by the fermionic modes in the loop has been computed in [8] within the matrix model framework:
As expected, one obtains induced vacuum energy and gravity terms 16 encoded in the trace-U (1) sector [8] . Here J a b := iΘ ab g bb ′ , and G(x) denotes induced gravitational terms which arise from L 10, curv [X], including the Einstein-Hilbert term with additional contributions due to a dilaton and further terms such as Rθθ. Terms depending on the extrinsic curvature may also arise. This formula holds as long as the semi-classical geometric picture is valid, i.e. Here k is the inverse curvature or momentum scale of the background M 4 . Now let us take into account the m i . Then each of the (fermionic, say) massive KK modes in the loop induces such a term, where m i acts as an IR cutoff for the loop integral as explained in Appendix B. The UV cutoff also gets modified by the mass term m i , e.g. Λ 4 → (Λ 4 − m 2 i Λ 2 ); however we neglect this modification as we are mainly interested in the qualitative results here. Thus the contribution due to the KK mode m i has the structure
The scalar modes Γ scalar M (ᾱ) in (5.16) are also expected to induce terms with a similar structure. As the scale parameterᾱ approaches the UV scale Λ 1 , the N = 4 SUSY is restored, and these induced gravitational terms due to the individual KK modes cancel. In particular, there is no need to put in any cutoff by hand, and the scaling behaviour discussed above arises on physical grounds. Thus summing up all contributions, one obtains a finite induced vacuum energy and gravity action, as required in an induced gravity scenario 17 . The details and even the signs of these effective gravity parameters depend on the compactification K, and will not be discussed here.
Finally, consider the geometrical point of view in terms of gauge theory on M = M 4 × K. Using again the above results on the non-commutative heat kernel expansion (extrapolated to higher-dimensional cases), there should be a well-defined expansion for the full heat kernel inᾱ as long as the IR condition k 2 ≪ᾱΛ 4 NC , i.e. the semi-classical geometric picture is valid. Then the induced action has the form of a higher-dimensional gravitational action,
HereG(x) denotes induced (4+2n)-dimensional gravitational terms as explained above. This encodes the non-Abelian sector A K ∼ = Mat(N, C) in a geometrical manner. From the 4-dimensional point of view, this should be reproduced by computing the induced SU (N ) contributions due to the higher KK modes, providing a cross-check between the geometric and gauge-theory point of view. Since a similar check has been done in detail in [8] in the 4-dimensional case, we do not pursue this any further here. Let us summarize these observations. There are higher-derivative contributions to the trace-U (1) sector due to the translational zero modes, which make up an unbroken N = 4 multiplet. These zero modes are distinct from the massive SU (N ) modes that break the symmetries and define K. On the other hand, the massive KK modes contribute to Γ K (ᾱ) at intermediate scales of the loop integral, and typically break SUSY. Since these KK modes live on M 4 and couple to the brane metric, they lead to induced gravitational terms in the trace-U (1) sector. These induced gravitational terms depend to some extent also on the embedding M ⊂ R 10 , since the Dirac operator on the brane is not the standard one. Thus one should expect deviations from general relativity, which should arise quite generally in similar brane-world scenarios.
We conclude that geometrical backgrounds such as M 4 × K do indeed lead to induced gravitational terms as expected, however their structure is quite non-trivial. Although the details of these terms depend on the internal space K, the model is UV finite due to the underlying N = 4 SUSY. It would be very interesting to study the case of more general backgrounds which do not have a product structure. There are indeed solutions of the IKKT model with the geometry of M 4 × K with split non-commutativity, mixing the compact and non-compact space [11] . Although the algebras then no longer factorize, many of the above results are expected to generalize. Finally, the case of intersecting branes allows to make contact with particle physics [10] , but poses additional open questions and issues related to gravity which should be studied elsewhere.
Example: fuzzy extra dimensions
To illustrate the above analysis, let us discuss the example of a fuzzy sphere K = S 2 N ⊂ R 3 [45] , realized by the background X i = c N λ i (N ) where λ i (N ) is the generator of the N -dimensional irreducible representation of su (2). This is a solution provided 18 we add the following cubic term S cubic = Tr(iC ijk X i [X j , X k ]) to the matrix model action as in (2.19) , where C ijk is the totally antisymmetric symbol corresponding to an embedding of so(3) ⊂ R 6 . We use this example merely to illustrate the decoupling mechanism discussed above in more detail. There are other solutions of the "pure" IKKT model with compact extra dimensions [11] where analogous considerations apply; this will be discussed elsewhere.
First, it is important to note that the trace-U (1) modes X i → X i + c i 1 N correspond to translations of the embedding of the background M 4 × K. This is part of the algebra A M 4 which describes the geometry of M rather than K. This is the sector which leads to UV/IR mixing and enters the induced gravity terms on M.
The algebra A K = Mat(N, C) of functions on S 2 N decomposes as
under the action of SU (2), and
] is the angular momentum operator. Therefore the contribution from the scalar field is
where m 2 0 = 2c 2 N Λ 4 NC . Similarly for 2-component spinors, the space of angular momentum modes is given by 23) and the relevant Laplacian can be evaluated as
This indeed has the expected two zero modes for "constant" spinors (1)⊗(2) due to translational invariance, and it happens to have 2 additional zero modes where J = L + S has spin 1 2 . Hence we write
Note that the lowest non-trivial KK mass m 2 0,2 = 3c 2 N Λ 4 NC , which is different from the masses in the bosonic sector. This shows explicitly that SUSY is broken.
Finally consider the bosonic (vector) contribution on S 2 N ⊂ R 3 . The space of modes is given by
In order to stabilize the sphere we should actually add a cubic term 19 as in (2.19) , which on a S 2 N background has the same structure as the Σ
ij [Θ ij , .] term. In any case, there are three translational zero-modes (1) ⊗ (3) which belong to the gravity sector for M 4 . This leads to 20
Similar computations could be done for other compact NC spaces, and should be refined for more realistic solutions with extra dimensions [10, 11] .
As a final remark, we point out that for a large class of NC spaces M described by some matrix algebra A , the relation
holds. This is obvious for R 2n θ , but it is also true for fuzzy spaces such as S 2 N , CP 2 N , etc. Moreover, it is plausible that this should also hold for a large class of physically interesting fluctuations around such spaces, such as on-shell non-Abelian gauge fields which satisfy F ij = 0 at least at the linearized level. We can then write e.g.
This should be useful to determine the low-energy effective action explicitly.
Conclusion
In this paper, we have continued our study of the one-loop effective action of the IKKT (resp. IIB) matrix model, generalizing the analysis of the fermionic induced action given in Ref. [8] .
The bosonic part of the action is now included using the background field method, and the effective action is elaborated on 4-dimensional non-commutative brane backgrounds. We obtain explicit expressions of the leading terms in a momentum expansion for the Abelian sector, which are manifestly finite of order O(k 4 ) due to maximal supersymmetry. This sector is very different from the commutative N = 4 theory, and governs the geometry of the branes. In particular, there is no induced gravitational action in the case of unbroken SUSY, while scale invariance is broken spontaneously by the background θ µν field. In a second part, we study the effective action for non-Abelian gauge fields, which arise in a background of N (almost) coinciding NC branes. The non-Abelian sector is closely related to standard N = 4 SYM, however our computations apply also to the case of 4-dimensional branes with general geometry, taking advantage of recent work on NC branes [4, 8] . We focus on two cases: the Coulomb branch with an unbroken U (1), as well as a background with completely broken gauge group that can be interpreted as a product space M 4 × K N with fuzzy compact extra dimensions. In the Coulomb branch, we show that the effective action coincides with the Dirac-Born-Infeld action for a D3-brane in the background of N −1 coinciding branes, expanded to leading non-trivial order. In particular, the effective bulk metric is seen to be consistent with AdS 5 × S 5 around the stack of branes, providing additional evidence for the relation with IIB supergravity. The mechanism is also reminiscent of holography based on N = 4 SYM, but non-commutativity allows a more direct understanding of the branes in the bulk. Moreover, we obtain a specific relation (4.24) between the non-commutativity scale and the string coupling.
Finally, we study the effective action on M 4 × K N in the presence of compact fuzzy extra dimensions, and give a detailed discussion of the relevant physics at different scales. In particular, we demonstrate that supersymmetry can be broken by the extra dimensions K N and their Kaluza-Klein modes, and finite gravitational terms are generically induced in the trace-U (1) sector. Maximal supersymmetry is restored above a certain scale, ensuring a UV finite effective action. This supports the picture of emergent gravity on the branes, within a brane-world scenario with compactified extra dimensions.
The results of this paper represent another step in the understanding of the IKKT resp. IIB model at the quantum level. Additional evidence for the relation with IIB supergravity is obtained, and the ideas of emergent gravity on NC branes are supported in particular by exhibiting a mechanism for breaking N = 4 SUSY. Combined with the recent evidence for a 3+1-dimensional behaviour of the IKKT model [3] , its expected finiteness on 4-dimensional brane backgrounds and possible realizations of the standard model [10] , there are good prospects to extract real physics from this or related matrix models. One interesting extension of this work would be to study the one-loop action on the compactified brane solutions found in [11] , which could be building blocks towards physically relevant low-energy models. We hope to report on progress along these lines elsewhere. There are many other possible directions of research in this context, which should clarify the physical viability of this and related matrix models as a quantum theory of fundamental interactions including gravity.
Quadratic invariants. Consider first the quadratic invariant
Here C (2) is the quadratic Casimir, which is easy to compute from SO(D) group theory [52] :
since A = (a, b); a < b is a basis of SO(D) and g AB = δ AB is the Killing metric. Hence
In particular, for SO(10) we get
Note that the relative factor 2 cancels the explicit 1 2 in front of the fermionic contribution in (2.32), so all the O(V 2 ) contributions cancel. This shows the special structure of the N = 4 SUSY.
For SO(6), we get
Now there is no factor 1 2 in front of the fermionic contribution in (2.32) because there is no Majorana condition. Therefore the O(V 2 ) contributions do not cancel, and the model is not one-loop finite but has log divergences. Note that probably trΣΣΣ = 0 in that case.
For SO(8), we get 6) again no Majorana, hence the O(V 2 ) contributions cancel. But recall that the model isn't even supersymmetric and the vacuum energy does not cancel.
Cubic invariants. The only cubic invariant tensor in the adjoint is f ABC . (For SO(6) one might expect a d ABC , but this does not seem to arise.) Thus
which differ by a factor 2 in the SO(10) case,
So even these cubic terms cancel in the IKKT case. This implies that the model is one-loop finite even on 6D backgrounds, consistent with known results on SYM [27] [28] [29] which give 1-loop finiteness in D < 8. for the IKKT model, which is not only cyclic but in fact totally symmetric in the Θ ab .
A.2 Characters
The character for a representation V of some Lie algebra g is defined as 15) where H ∈ g (which is often assumed to be in the Cartan sub-algebra and thus identified with a weight). Characters are very useful objects in group theory, notably because they satisfy χ V ⊗W = χ V χ W . In the present context, we can interpret the term tre αΣ ab [Θ ab ,.] as character of SO (10), for a given matrix Θ ab (one may also try to interpret [Θ ab , .] as a generator of su(N 2 ) acting on the space of matrices). For a given flux F ab (either constant or at some point in the semi-classical limit), we can choose a basis using a suitable SO(D) rotation where F ab is block-diagonal: NC m 2 , and introducing a UV cutoff Λ. We will use the latter form of a UV cutoff, which is slightly more convenient. This can be evaluated using [8] .
